We study the merging and the testing of opinions in the context of a prediction model. In the absence of incentive problems, opinions can be tested and rejected, regardless of whether or not data produces consensus among Bayesian agents. In contrast, in the presence of incentive problems, opinions can only be tested and rejected when data produces consensus among Bayesian agents. These results show a strong connection between the testing and the merging of opinions. They also relate the literature on Bayesian learning and the literature on testing strategic experts.
1. Introduction. Data can produce consensus among Bayesian agents who initially disagree. It can also test and reject opinions. We relate these two critical uses of data in a model where agents may strategically misrepresent what they know.
In each period, either 0 or 1 is observed. Let P and Q be two probability measures on {0, 1} ∞ such that Q is absolutely continuous with respect to P . If P and Q are σ-additive then, as shown by Blackwell and Dubins (1962) , the conditional probabilities of P and Q merge, in the sense that the two posteriors become uniformly close as the amount of observations increases (Q-almost surely). So, repeated applications of Bayes' rule lead to consensus among Bayesian agents, provided that their opinions were initially compatible. Now consider Savage's axiomatization of subjective probability. He proposed postulates that characterize a preference relation over bets in terms of a nonatomic finitely additive probability P . Call such P , for short, an opinion. Savage's framework allows for finitely additive probabilities that are not σ-additive. In particular, the conclusions of the Blackwell and Dubins theorem hold for some, but not all, opinions. This flexibility makes Savage's transforms the available evidence into a near perfect guide to the future. It follows that our main results also have an additional interpretation. Under incentive problems, strategic experts can only be discredited if they are restricted to a subframework where opinions that are compatible with the data generating process are eventually accurate.
Finally, our results relate the literatures on Bayesian learning and the literature on testing strategic experts (see the next section for references). They show a strong connection between the framework under which Bayesian learning leads to accurate opinions and the framework under which strategic experts can be discredited.
The paper is organized as follows. Section 2 describes the model. Section 3 reviews the Blackwell-Dubins theorem and defines the BlackwellDubins property. Section 4 contains our main results. Section 5 relates our results and category tests. Section 6 considers the case where the set of perperiod outcome may be infinite. The Appendix contains all proofs and a formal example of a probability that does not satisfy the Blackwell-Dubins property.
Related literature. Blackwell and Dubins' idea of merging of opinions is central in the theory of Bayesian learning and Bayesian statistics.
In Bayesian nonparametric statistics, see the seminal work of Diaconis and Freedman (1986) , D'Aristotile, Diaconis and Freedman (1988) and the more recent work by Walker, Lijoi and Pruenster (2005) . In the theory of Bayesian learning, see Schervish and Seidenfeld (1990) . We refer to Dawid (1985) for a connection with the theory of calibration.
In game theory, the Blackwell-Dubins theorem is central in the study of convergence to Nash equilibrium in repeated games. The main objective is to understand the conditions under which Bayesian learning leads to a Nash equilibrium [see, among many contributions, Young (2001, 2003) , Fudenberg and Kreps (1993) , Levine (1998, 2009 ), Hart and Mas-Colell (2013) , Jackson, Kalai and Smorodinsky (1999) , Lehrer (1993a, 1993b) , Lehrer and Smorodinsky (1996a, 1996b) , Monderer, Samet and Sela (1997) , Nachbar (1997 Nachbar ( , 2001 Nachbar ( , 2005 , Sandroni (1998) and Young (2002 Young ( , 2004 ].
A series of papers investigate whether empirical tests can be manipulated. In statistics, see Foster and Vohra (1998) , Cesa-Bianchi and Lugosi (2006) , Vovk and Shafer (2005) and Olszewski and Sandroni (2009a) . In economics, see among several contributions, Al-Najjar and Weinstein (2008) , Al-Najjar et al. (2010) , Babaioff et al. (2011) , Dekel and Feinberg (2006) , Lambert (2011), Feinberg and Stewart (2008) , Fortnow and Vohra (2009) , Fudenberg and Levine (1999) , Salant (2011), Gradwohl and , Hu and Shmaya (2013) , Lehrer (2001) , Olszewski and Peski (2011) , Olszewski and Sandroni (2007 , 2008 , 2009a , 2009b ), Sandroni (2003 , Sandroni, Smorodinsky and Vohra (2003) , Shmaya (2008 ), Stewart (2011 . For a review, see Foster and Vohra (2011) and Olszewski and Peski (2011) . See also Al-Najjar, Pomatto and Sandroni (2013) for a companion paper.
2. Setup. In every period an outcome, 0 or 1, is observed (all results generalize to the case of finitely many outcomes). A path is an infinite sequence of outcomes and Ω = {0, 1} ∞ is the set of all paths. Given a path ω and a period t, let ω t ⊆ Ω be the cylinder of length t with base ω. That is, ω t is the set of all paths which coincide with ω in the first t periods. The set of all paths Ω is endowed with a σ-algebra of events Σ containing all cylinders.
The set Ω is endowed with the product topology. In this topology, a set is open if and only if it is a countable union of cylinders. We denote by Σ 1 the set of all open subsets of Ω and by B the Borel σ-algebra generated by the topology. Note that Σ 1 ⊂ B ⊆ Σ.
Let P be the set of all finitely additive probabilities on (Ω, Σ). A probability P ∈ P is strongly nonatomic, or Savagean, if for every event E and every α ∈ [0, 1] there is an event F ⊆ E such that P (F ) = αP (E). The term "Savagean" emphasizes the relation between strongly nonatomic probabilities and the Savage (1954) representation theorem: a finitely additive probability corresponds to a preference relation satisfying Savage's axioms if and only if it is strongly nonatomic. To simplify the language, we also refer to a Savagean probability as an opinion. Let ∆ denotes the set of all opinions.
At time 0, a self-proclaimed expert, named Bob, announces an opinion P . A tester, named Alice, evaluates his opinion empirically. Alice announces her test at period 0, before Bob announces his opinion.
A test specifies an open set T (P ) considered inconsistent with an opinion P . An expert who announces opinion P is rejected on every path ω belonging to T (P ). For the next definition, fix ε ∈ [0, 1) and a subset Λ of ∆.
Definition 2. A test Λ-controls for type I error with probability 1 − ε if for any P ∈ Λ,
If a test Λ-controls for type I error, then an expert (with an opinion in Λ) expects to pass the test by honestly reporting what he believes.
2.1. Strategic forecasting. We now consider the case where Bob is uninformed about the odds of future events, but may produce an opinion strategically in order to pass the test. We allow strategic experts to select opinions at random. Let ∆ f ∆ be the set of probability measures on ∆ with finite support. We call each ζ ∈ ∆ f ∆ a strategy.
Definition 3. A test can be manipulated with probability q ∈ [0, 1] if there is a strategy ζ such that for every ω ∈ Ω,
If a test is manipulable with high probability, then a uninformed, but strategic expert is likely to pass the test regardless of how the data unfolds and how much data is available.
Definition 4. A test is nonmanipulable if for every strategy ζ there is a cylinder C ζ such that for every path ω ∈ C ζ , ζ({P ∈ ∆ : ω / ∈ T (P )}) = 0.
Nonmanipulable tests can reject uninformed experts. No matter which strategy Bob employs, there is a finite history that, if observed, discredits him. These are the only tests that are likely to pass informed experts and may reject uninformed ones.
3. Merging of opinions. We now review the main concepts behind the Blackwell-Dubins theorem.
Definition 5. Let P, Q ∈ P. The probability P merges with Q if for every ε > 0
The expression sup E∈Σ |P (E|ω t ) − Q(E|ω t )| is the distance between the forecasts of P and Q, conditional on the evidence available at time t and along the path ω. The probability P merges with Q if, under Q, this distance goes to 0 in probability. In particular, if Q accurately describes the data generating process then the predictions of P are eventually accurate with high probability.
In this paper, merging is formulated in terms of convergence in probability rather than almost sure convergence [as in Blackwell and Dubins (1962) ]. As is well known, convergence in probability is particularly convenient in the context of finitely additive probabilities. See, for instance, the discussion in Berti and Rigo (2006) .
It is clear that for merging to occur, P and Q must be compatible ex-ante. The notion of absolute continuity formalizes this intuition.
Definition 6. Let P, Q ∈ P. The probability Q is absolutely continuous with respect to P , that is, Q ≪ P , if for every sequence of events (E n 
If P is σ-additive, then the definition is equivalent to requiring that every event null under P is also null under Q. Moreover, if P is a Savagean probability and Q is a probability satisfying Q ≪ P , then Q is Savagean as well.
Absolute continuity is (essentially) necessary for merging.
Proposition 1. Let P, Q ∈ P and P (ω t ) > 0 for every cylinder ω t . If P merges with Q then Q ≪ P .
In their seminal paper, Blackwell and Dubins show that when P and Q are σ-additive then absolute continuity suffices for merging.
Theorem 1 (Blackwell and Dubins). Let P and Q be σ-additive probability measures on (Ω, B). If Q ≪ P , then P merges with Q.
One interpretation of the Blackwell-Dubins theorem is that multiple repetitions of Bayes' rule lead to an agreement among agents who initially hold compatible opinions. Another interpretation is that the predictions of Bayesian learners will eventually be accurate (provided that absolute continuity holds). However, the Blackwell-Dubins theorem does not extend to all opinions. This motivates the next definition.
Definition 7. A probability P ∈ P satisfies the Blackwell-Dubins property if for every Q ∈ P, if Q ≪ P then P merges with Q. (3.1) Let ∆ BD be the set of all opinions that satisfy the Blackwell-Dubins property.
So, an opinion P satisfies the Blackwell-Dubins property if it merges to any compatible opinion Q. We show in the Appendix that ∆ BD is strictly contained in the set of all opinions. That is, some opinions satisfy the Blackwell-Dubins property, while others do not. We also show that the set of probabilities satisfying the Blackwell-Dubins property strictly contains the set of σ-additive probabilities. We refer the reader to Example 1 and Theorem 10, respectively. Any exogenously given (or honestly reported) opinion can be tested and rejected, whether or not the Blackwell-Dubins property holds. Thus, in the absence of strategic considerations, the connection between the merging and the testing of opinions is weak. We now show that this connection is much stronger when there are incentive problems.
Main results.
Theorem 2. Consider the case where any opinion is allowed. Let T be a test that ∆-controls for type I errors with probability 1 − ε. The test T can be manipulated with probability 1 − ε − δ, for every δ ∈ (0, 1 − ε].
Theorem 3. Consider the case where opinions must satisfy the BlackwellDubins property. Fix ε ∈ (0, 1]. There exists a test T that ∆ BD -controls for type I error with probability 1 − ε and is nonmanipulable.
If Bob is free to announce any opinion, then he cannot be meaningfully tested and discredited. Given any test that controls for type I error, Bob can design a strategy which prevents rejection. However, if Bob is required to announce opinions satisfying the Blackwell-Dubins property, then it is possible to test and discredit him. These results show a strong connection between the merging and the testing of opinions, but only when there are incentive problems and agents may misrepresent what they know.
We now illustrate the basic ideas behind the proof of the two results. The proof of Theorem 3 relies on a characterization of the set of probabilities that satisfy the Blackwell-Dubins property. This characterization is also crucial for the proof of Theorem 4 below. We show that P ∈ P satisfies the Blackwell-Dubins property if and only if it is an extreme point of the set of probabilities E(P ) ⊆ P which agree with P on every cylinder.
The proof of necessity in this characterization is simple. Suppose, by contradiction, that P can be written as the convex combination P = αQ + (1 − α)R, where Q and R belong to E(P ). Clearly, both Q and R are absolutely continuous with respect to P . However, P does not merge to Q or R. The intuition is that Q and R agree on every finite history and so, the available data delivers equal support to them. The converse requires a deeper argument and relies on Plachky's (1976) theorem, which states that P is an extreme point of E(P ) if and only if the probability of every event can be approximated by the probabilities of cylinders.
Given our characterization, the proof of Theorem 3 can be sketched as follows: Let P be an opinion satisfying the Blackwell-Dubins property. Given that P is strongly nonatomic, we can divide Ω into a partition {A 1 , . . . , A n } of events such that each of them has probability less than ε. This property is a direct implication of Savage's postulate P6 and plays an important role in our result. For general opinions, the events {A 1 , . . . , A n } may have no useful structure and may not even be Borel sets. However, since P is an extreme point of E(P ), we can invoke Plachky's theorem a second time and show that each A i can be chosen to be a cylinder. Now fix a path ω. Let us say it belongs to A 1 . By definition, there is a time t such that ω t = A 1 . We now define a test T such that T (P ) = ω t (note that the period t depends on the opinion P because the partition depends on it). By definition, the test ∆ BD -controls for type I errors with probability 1 − ε. Furthermore, it is a nonmanipulable test. Given any strategy ζ we can find a period m large enough such that ω m rejects all opinions in the (finite) support of ζ. Therefore, in ω m , the probability of passing the test under ζ is 0.
We now sketch the proof of Theorem 2. Consider a zero-sum game between Nature and the expert. Nature chooses an opinion P and the expert chooses a strategy ζ (a random device producing opinions). The payoff of the expert is the probability of passing the test. For each opinion P chosen by Nature there exists a strategy for the expert (to report P ) that gives him a payoff of at least 1 − ε. If Fan's (1953) Minmax theorem applies then there exists a strategy ζthat guarantees the expert a payoff of at least 1 − ε for every opinion chosen by Nature. In this case, the test is manipulable.
Fan's Minmax theorem requires Nature's action space to be compact and her payoffs to be (lower semi) continuous. The main difficulty is that the set of opinions is not compact in the natural topology, the weak* topology. Hence, Fan's Minmax theorem cannot be directly applied. We consider a new game, defined as above except that Nature can choose any probability in P (not necessarily Savagean). By the Riesz representation and the BanachAlaoglu theorems, the set of all finitely additive probabilities satisfy the necessary continuity and compactness conditions for Fan's Minmax theorem. However, if now Nature chooses a non-Savagean probability M , the expert cannot replicate her choice because he is restricted to opinions.
Based on the celebrated Hammer-Sobczyk decomposition theorem, we show the following approximation result: For every M ∈ P, there is an opinion P such that M (U ) ≤ P (U ) for every union U of cylinders. Thus, M (T (P )) ≤ P (T (P ) ≤ ε. It follows that if Natures chooses M and the expert chooses P then he passes the test with probability at least 1 − ε. The proof is now concluded invoking Fan's Minmax theorem.
5. Category tests. Theorem 3 provides conditions under which it is feasible to discredit strategic experts. However, even a nonmanipulable test can be strategically passed on some paths. Under σ-additivity, Dekel and Feinberg (2006) and Olszewski and Sandroni (2009a) construct nonmanipulable category tests, where uninformed experts fail in all, but a topologically small (i.e., meager ) set of paths. We now show a difficulty in following this approach in the general case of opinions that satisfy the Blackwell-Dubins property.
Definition 8. A collection I of subsets of Ω is a strictly proper ideal if it satisfies the following properties:
(1) If S ∈ I and R ⊆ S then R ∈ I; (2) If R, S ∈ I then R ∪ S ∈ I; and (3) No cylinder belongs to I.
A strictly proper ideal is a collection of sets which can be regarded as "small." Property (1) is the natural requirement that if a set S is considered small then a set R contained in S must also be considered small. Properties (2) and (3) are satisfied by most commonly used notions of "small" sets, such as countable, nowhere dense, meager, sets of Lebesgue measure zero and shy sets. To clarify our terminology, recall that an ideal is a collection of subsets satisfying properties (1) and (2). An ideal is proper if Ω does not belong to it. We refer to the elements of a strictly proper ideal as small sets and to their complements as large sets.
Strictly proper ideals can be defined in terms of probabilities. Given P ∈ P, define a set N to be P -null if there exists an event E that satisfies N ⊆ E and P (E) = 0. The collection of P -null sets is a strictly proper ideal whenever P satisfies P (ω t ) > 0 for every cylinder ω t .
Theorem 4. Let I be a strictly proper ideal. There exists an opinion P ∈ ∆ BD such that P (E) = 0 for every event E in I.
There exists an opinion that satisfies the Blackwell-Dubins property and finds all small events to be negligible. The proof of this result relies on the characterization of the set ∆ BD of opinions satisfying the BlackwellDubins property that we discussed in the previous section. Theorem 4 shows a basic tension between the control of type I errors and the use of genericity arguments. Suppose Alice intends to design a test that discredits Bob on a large set of paths, irrespectively of his strategy. Then the set of paths (T (P )) c that do not reject opinion P must be small [otherwise Bob could simply announce opinion P and pass the test on (T (P )) c , a nonsmall set of realizations]. But if P is the opinion obtained from Theorem 4, we must have P ((T (P )) c ) = 0. So, the test cannot control for type I errors. We have just proved the following corollary. Corollary 1. Let I be a strictly proper ideal. For every test T which ∆ BD -controls type I errors with positive probability there exists a strategy ζ such that the set
is not small.
Thus, the stronger nonmanipulable tests in Dekel and Feinberg (2006) and Olszewski and Sandroni (2009a) cannot be obtained in the general case of opinions that satisfy the Blackwell-Dubins property.
6. Extensions. In this section, we extend our analysis to the case where the set of per-period outcomes may be infinite. 6.1. Setup. Let X be a separable metric space of outcomes and denote by Ω the set of paths X ∞ . As before, ω t is the cylinder of length t ≥ 0 with base ω ∈ Ω (in particular ω 0 = Ω). The set Ω is endowed with the product topology and a σ-algebra Σ containing all open sets. We denote by P the set of finitely additive probabilities on (Ω, Σ) and by ∆ the subset of opinions (i.e., strongly nonatomic probabilities).
6.2. Conditional probabilities. Let H be the set of all cylinders. We say that a function
is a conditional probability if for every t ≥ 0 and ω ∈ Ω:
(1) P (·|ω t ) ∈ P; (2) P (ω t |ω t ) = 1; and (3) P (E ∩ ω t+n |ω t ) = P (E|ω t+n )P (ω t+n |ω t ) for any event E and n ≥ 0.
The definition of conditional probability follows Berti, Regazzini and Rigo (1998) , where properties (1)- (3) are justified on the basis of de Finetti's coherence principle: a real function P defined on Σ × H satisfies properties (1)-(3) if and only if a bookie, who sets P (E|ω t ) as the price of a conditional bet on event E, cannot incur in a Dutch book. We refer the reader to Regazzini (1985 , 1987 ), de Finetti (1990 and Berti and Rigo (2002) for a precise statement and a formal discussion.
A conditional probability is a conditional opinion if P (·|Ω) is strongly nonatomic. We denote by P * and by ∆ * the sets of conditional probabilities and conditional opinions, respectively. To simplify the exposition, given an event E and a conditional probability P , we use the notation P (E) instead of the more precise P (E|Ω).
At time 0, Bob is required to announce a conditional opinion P . So, a test T is now a function mapping each conditional opinion P to an open subset T (P ) of Ω. The definitions of type I errors, manipulable and nonmanipulable tests are analogous to the definitions of Section 2 and can be obtained by replacing ∆ with ∆ * . 6.3. Merging. We now extend the definition of merging of opinions. We say that X is a discrete space if it is countable and endowed with the discrete topology.
Definition 9. Let X be a discrete space. If P, Q ∈ P * , the conditional probability P merges with Q if for every ε > 0, lim t→∞ Q ω : sup E∈Σ |P (E|ωDefinition 10. Let X be a discrete space. A conditional probability P satisfies the Blackwell-Dubins property if for every probability Q ∈ P such that Q ≪ P (·|Ω) there exists a conditional probability Q such that Q(·|Ω) = Q and P merges with Q.
Let ∆ * BD be the set of all conditional opinions that satisfy the BlackwellDubins property.
We now show that the connection between testability and merging of opinions extends to this setup.
Results.
Theorem 5. Let X be a separable metric space. Consider the case where any conditional opinion is allowed. Let T be a test that ∆ * -controls for type I errors with probability 1 − ε. The test T can be manipulated with probability 1 − ε − δ, for every δ ∈ (0, 1 − ε].
Theorem 6. Let X be a discrete space. Consider the case where conditional opinions must satisfy the Blackwell-Dubins property. Fix ε ∈ (0, 1]. There exists a test T that ∆ * BD -controls for type I error with probability 1 − ε and is nonmanipulable.
If it is possible for Bob to announce any conditional opinion, then he cannot be meaningfully tested and discredited. If Bob is restricted to conditional opinions satisfying the Blackwell-Dubins property, then it is possible to test and discredit him.
The proof of Theorem 5 follows the proof of Theorem 2. The proof of Theorem 6 is based on the following result: a conditional opinion P ∈ ∆ * BD satisfies lim t→∞ P (ω t ) = 0 for every path ω. This step requires a new argument, because the characterization of Blackwell-Dubins property used in the proof of Theorem 3 does not readily extend to the case where X is infinite. Once this continuity property is shown to hold, the proof continues as in Theorem 3. We fix a path ω and for each P ∈ ∆ * BD we choose a large enough period t P such that P (ω t P ) < ε. Because X is assumed to be a discrete space, each cylinder ω t P is open. Therefore, we can define test T such that T (P ) = ω t P for every P ∈ ∆ * BD . Following the proof of Theorem 3, we show that T is nonmanipulable.
APPENDIX A
We now provide an example of an opinion that violates the BlackwellDubins property. Example 1. Let Ω = {0, 1} ∞ and Σ = B. Denote by X 1 , X 2 , . . . the coordinate projections on Ω. For every n ≥ 1, let P n be the σ-additive probability defined as
for k ≤ n and P n (X k = 0) = 1 for k > n and let P ∞ be the σ-additive probability defined as P ∞ (X k = 0) = 2 −k for all k.
Consider the opinion P = 1 2 P ∞ + 1 2 P n dλ(n), where λ is a finitely additive probability on (N, 2 N ) such that λ({n}) = 0 for every n. The finite additivity of the mixture P n dλ(n) may reflect the difficulty of predicting when the per-period probability of observing the outcome 0 will change from 0.5 to 1.
Clearly, P ∞ ≪ P . However, P does not merge with P ∞ . To this end, let A be the set of all paths where the outcome 1 appears infinitely often. Then P n (A) = 0 for every n and P ∞ (A) = 1. For every cylinder ω t , we have
and moreover,
= 1 2 for every ω and every t. Thus, P does not merge with P ∞ .
A.1. Preliminaries. To minimize repetitions, throughout the Appendix Ω stands for either {0, 1} ∞ or X ∞ . For every algebra A of subsets of Ω denote by P(A) the space of finitely additive probabilities defined on (Ω, A). When A = Σ, we write P instead of P(Σ). We denote by ∆ ⊆ P the set of opinions (strongly nonatomic probabilities). The space P(A) is endowed with the weak* topology. It is the coarsest topology for which the functional P → ϕ dP is continuous for every function ϕ : Ω → R that has finite range and is measurable with respect to A. This should not be confused with the more common weak* topology generated by bounded continuous functions.
APPENDIX B: MERGING OF OPINIONS
In this subsection, we describe of the set of opinions on Ω = {0, 1} ∞ that satisfy the Blackwell-Dubins property. We first show that absolute continuity is essentially a necessary condition for merging.
Proof of Proposition 1. Assume Q is not absolutely continuous with respect to P . Then there exists a sequence of events (E n ) ∞ n=1 and some α > 0 such that P (E n ) → 0 but Q(E n ) > α for every n. Suppose P merges with Q. For every t, let C t be a collection of pairwise disjoint cylinders of length t such that Q(ω t ) > 0 for every ω t ∈ C t and Q(∪C t ) = 1. Fix δ ∈ (0, α 4 ). There exists a time T large enough such that for every t ≥ T there is a subset D t ⊆ C t such that Q(∪D t ) ≥ 1 − δ and sup E∈Σ |Q(E|ω t ) − P (E|ω t )| ≤ δ for every ω t ∈ D t . Because P (ω t ) > 0 for every ω t , the expression P (E|ω t ) is well defined. For every event E n ,
We have
hence, Q(∪E n ) ≥ α 2 −δ. Now let n * be large enough such that α 2 −P (E n * |ω t ) > δ for every ω. Then, for every ω t ∈ E n * ,
To summarize, Q({ω : sup E∈Σ |Q(
. A contradiction. Hence, P does not merge with Q.
Our main result is a characterization of the set of opinions that satisfy the Blackwell-Dubins property. We first recall some results on extensions of finitely additive probabilities. Let A 1 and A 2 be two algebras of subsets of Ω such that A 1 ⊆ A 2 . Given P ∈ P(A 1 ) and Q ∈ P(A 2 ), call Q an extension of P from A 1 to A 2 if P (A) = Q(A) for every A ∈ A 1 . Let E(P, A 1 , A 2 ) be the set of extensions of P from A 1 to A 2 . As is well known, the set E(P, A 1 , A 2 ) is nonempty. Moreover, it is a convex and compact subset of P(A 2 ). The set of extreme points of E(P, A 1 , A 2 ) has been studied in great generality. We refer the reader to Lipecki (2007) and Plachky (1976) for further results and references.
Theorem 7 [Plachky (1976) ]. Fix two algebras A 1 ⊆ A 2 and P ∈ P(A 1 ). A probability Q ∈ E(P, A 1 , A 2 ) is an extreme point of E(P, A 1 , A 2 ) if and only if for every ε > 0 and A 2 ∈ A 2 there exists A 1 ∈ A 1 such that Q(A 2 △ A 1 ) < ε.
Let F be the algebra generated by all cylinders of {0, 1} ∞ . An event belongs to F if and only if it is a finite union of (pairwise disjoint) cylinders. Recall that B is the Borel σ-algebra induced on Ω by the product topology. Then F ⊆ B ⊆ Σ. For every P ∈ P let P F be the restriction of P on F . It is easy to see that P F is σ-additive. By Carathéodory theorem, it admits a σ-additive extension from F to B, denoted by P σ .
The next result is well known.
We can now state our main result on merging.
Theorem 8. Let Ω = {0, 1} ∞ . For every P ∈ P, the following are equivalent:
(1) P is an extreme point of E(P F , F, Σ).
(2) P satisfies the Blackwell-Dubins property.
(3) For all Q, R ∈ P, if P = αQ + (1 − α)R for some α ∈ (0, 1) then P merges with Q and R.
Proof. (1) ⇒ (2). Let P be an extreme point of E(P F , F, Σ). If Q ≪ P , then Q σ ≪ P σ by Lemma 1. By the Blackwell-Dubins theorem,
In particular, the sequence of random variables
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converges to 0, Q σ -almost surely. Therefore, the sequence converges in probability. For each ε > 0,
Since the last expression only involves events belonging to F ,
The proof is complete by showing that
To this end, fix an event E ∈ Σ and a cylinder ω t such that Q(ω t ) > 0. By Plachky's theorem, there exists a sequence of events (F n ) ∞ n=1 in F such that P (E △ F n ) → 0 as n → ∞. For each n, the inequality
Because P (E △ F n ) → 0 and Q(ω t ) > 0, it follows that P (ω t ) > 0 and P (E △ F n |ω t ) → 0. Absolute continuity implies Q(E △ F n |ω t ) → 0. Therefore,
(2) ⇒ (3). If P = αQ + (1 − α)R then Q ≪ P , hence P merges with Q.
(3) ⇒ (1). Assume by way of contradiction that P is not an extreme point of E(P F , F, Σ). Then there exist Q, R in E(P F , F, Σ) such thatP = αQ + (1 − α)R, α ∈ (0, 1) and Q = R. By assumption, P merges with Q. Let C t be a collection of pairwise disjoint cylinders of length t such that Q(ω t ) > 0 for every ω t ∈ C t and Q(∪C t ) = 1. For every t large enough, there exists a subset D t ⊆ C t such that Q(∪D t ) ≥ 1−ε and sup E∈Σ |Q(E|ω t )−P (E|ω t )| ≤ ε for every ω t ∈ D t . For every event E,
where the first two equalities follow from the fact that Q(ω t ) = P (ω t ) for all ω t . Since E and ε are arbitrary, we have P = Q. A contradiction. Therefore, P must be an extreme point of E(P F , F, Σ).
The next result shows a useful property of opinions that satisfy the Blackwell-Dubins property.
Theorem 9. Let Ω = {0, 1} ∞ . For every P ∈ ∆ BD and every ε > 0, there exists a partition {C 1 , . . . , C n } of Ω such that for each i = 1, . . . , n, C i is a cylinder and P (C i ) ≤ ε.
Proof. Let P ∈ ∆ BD and fix ε > 0. Because P is strongly nonatomic, then there exists a partition {E 1 , . . . , E m } of events such that P (E i ) < ε 2 for every i = 1, . . . , m. By Theorem 8, P is an extreme point of E(P F , F, Σ). By Plachky's theorem, for each i we can find a sequence (
Therefore, P (F i ) ≤ ε for each F i ∈ {F 1 , . . . , F m+1 }. Because each F i is a finite union of pairwise disjoint cylinders, the proof is complete.
The next theorem shows that for every sigma additive probability P we can find a continuum of probabilities that agree with P on every cylinder, fail σ-additivity but satisfy the Blackwell-Dubins property. A related result appears in Lipecki (2001) .
Theorem 10. Let Ω = {0, 1} ∞ . For every σ-additive probability P ∈ P, the set {Q ∈ ∆ BD : Q F = P F , Q is not σ-additive} has cardinality at least c.
Proof. Fix a collection {D ξ : ξ ∈ [0, 1]} of pairwise disjoint, Borel and dense subsets of Ω [see, e.g., Ceder (1966) ]. For every ξ ∈ [0, 1], let A ξ be the algebra generated by F ∪ {D ξ }. That is,
For each ξ ∈ [0, 1] fix an extreme point P ξ of E(ρ ξ , A ξ , Σ). We claim it is also an extreme point of E(P F , F, Σ). By construction, P ξ ∈ E(P F , F, Σ). Now suppose P ξ = αQ + (1 − α)R, with α ∈ [0, 1] and Q, R ∈ E(P F , F, Σ).
. By assumption, P ξ is an extreme point of E(ρ ξ , A ξ , Σ). Hence, P = Q = R. This concludes the proof of the claim.
By Theorem 8, each P ξ satisfies the Blackwell-Dubins property. Moreover, each P ξ agrees with P on every cylinder. Hence, each σ-additive P ξ must agree with P on every Borel sets. Because the sets {D ξ : ξ ∈ [0, 1]} are Borel and pairwise disjoint, at most one probability in {P ξ : ξ ∈ [0, 1]} agrees with P on every Borel set. Thus, there exists at most one σ-additive probability in {P ξ : ξ ∈ [0, 1]}. Therefore, the set {P ξ : ξ ∈ [0, 1], P ξ = P }, which is included in {Q ∈ ∆ BD : Q F = P F , Q is not σ-additive}, has cardinality c. This completes the proof.
APPENDIX C: STRONGLY NONATOMIC PROBABILITIES
We now provide a technical result important for the proofs of Theorems 2 and 5. Throughout this subsection, Ω = X ∞ .
A {0, 1}-probability is a probability Z ∈ P that satisfies Z(E) ∈ {0, 1} for every E ∈ Σ.
Theorem 11. Let E ⊆ Σ − {∅} be closed under finite intersection. There exists a {0, 1}-probability Z such that Z(E) = 1 for every E ∈ E.
Proof. This is a corollary of the ultrafilter theorem. See, for instance, Aliprantis and Border (2006) , Theorem 2.19.
Every P ∈ P can be decomposed into a strongly nonatomic part and a mixture of countably many {0, 1}-probabilities.
Theorem 12 [Sobczyk and Hammer (1944) ]. For every P ∈ P, there exists an opinion P s ∈ ∆ and a sequence (Z i ) ∞ i=1 of {0, 1}-probabilities such that
where α, β i ∈ [0, 1] for every i and
Given an algebra A, P ∈ P(A) is strongly continuous if for every ε > 0 there exists a partition {A 1 , . . . , A n } of Ω such that A i ∈ A and P (A i ) < ε for every i.
Theorem 13. Let A be a σ-algebra. A probability P ∈ P(A) is strongly continuous if and only if it is strongly nonatomic.
Proof. See Bhaskara Rao and Bhaskara Rao (1983), Theorem 11.4.5.
Theorem 14. For every P ∈ P, there exists an opinion P ∈ ∆ such that
for every open set U .
Proof. We first prove the result for the case where P is a {0, 1}-probability. To this end, fix a {0, 1}-probability Z. Let C ={U : U open, Z(U ) = 1}. The collection C is closed under finite intersection.
We now construct a sequence (D n ) ∞ n=1 of countable, dense and pairwise disjoint subsets of Ω. The proof of this claim proceeds by induction. The space Ω = X ∞ is separable, so it has a countable dense subset D 1 . Assume that for some N the sets D 1 , . . . , D N have been defined and satisfy the desired properties. Let (V k ) ∞ k=1 be a countable base of Ω and for each k pick a path
. .}. This completes the induction step and the proof of the claim.
For every n, the collection
is closed under finite intersection and does not contain the empty set. By Theorem 11, for every n there exists a {0, 1}-probability Z n such that Z n (E) = 1 for every E ∈ C n . For each n and for every open set U , if Z(U ) = 1 then U ∩ D n ∈ C n and Z n (U ) = 1. Hence, Z(U ) ≤ Z n (U ). Let λ be a strongly continuous finitely additive probability on (N, 2 N ) and define the function Z : Σ → [0, 1] as
for every E ∈ Σ. It follows from the additivity of the integral that Z ∈ P. For every open set
. It remains to prove that Z is strongly nonatomic. By Theorem 13, it is enough to prove it is strongly continuous. Fix ε > 0. Since λ is strongly continuous, we can find a partition {Π 1 , . . . ,
This proves that Z is strongly continuous. Now let P be any finitely additive probability. By the Hammer-Sobczyk decomposition, we can write P as the convex combination
where P s is strongly nonatomic and each Z i is a {0, 1}-probability. For each i, let Z i be an opinion such that
It is easy to see that P is strongly continuous. By Theorem 13, it is an opinion. For every open set U , we have
as desired.
APPENDIX D: PROOFS OF THEOREMS 2-6
Theorem 15 [Fan (1953) ]. Let X and Y be convex subsets of two vector spaces. Let f : X × Y → R. If X is compact Hausdorff and f is concave with respect to Y and convex and lower semicontinuous with respect to X, then
See Fan (1953) for a more general version of this theorem.
Proof of Theorem 2. Define the function V :
for every (P, ζ) ∈ P × ∆ f ∆. The function V is affine in each variable and continuous with respect to P. The weak* topology is Hausdorff. Moreover, it follows from the Riesz representation and Banach-Alaoglu theorems that P is compact [see Aliprantis and Border (2006) , Theorems 14.4 and 6.21]. All the conditions of Fan's Minmax theorem are verified, therefore,
By Theorem 14, for every P ∈ P there exists P ∈ ∆ such that P (U ) ≤ P (U ) for every open set U . Because T ( P ) is an open set, then
For every δ ∈ (0, 1 − ε], there exists a strategy ζsuch that V (P, ζ) > 1 − ε − δ for every P ∈ P. In particular,
for every path ω.
Proof of Theorem 3. Fix ε > 0 and a path ω. By Theorem 9, for every P ∈ ∆ BD we can choose a partition {C 1 , . . . , C n } of cylinders such that P (C i ) < ε for every i = 1, . . . , n. Let ω ∈ C i . There exists a time t P such that ω t P = C i . Hence, P (ω t P ) < ε. Define a test T as T (P ) = ω t P for every opinion P ∈ ∆ BD . The test ∆ BD -controls for type I errors with probability 1 − ε. Now, let (P 1 , . . . , P n ) be the support of a strategy ζ. Choose a time t such that t ≥ t P i for each i = 1, . . . , n. Then
hence, ζ({P ∈ ∆ :ω / ∈ T (P )}) = 0 for every pathω in ω t .
Proof of Theorem 4. Recall that F is the algebra generated by cylinders. Fix a probability π ∈ P(F) such that π(ω t ) → 0 as t → ∞ for every path ω. Now let I be a strictly proper ideal and consider the collection of events
We prove it is an algebra. If (F ∩ L) ∪ S ∈ A, then its complement is equal to
since S c is large and L c ∩ S c is small we have that (
where
We verify that π is well defined. Using the notation in (
is either empty or a union of cylinders. By the definition of strictly proper ideal F 1 ∩ F c 2 must be empty. Similarly,
We prove π is additive. Let (F 1 ∩ L 1 )∪ S 1 and (F 2 ∩ L 2 )∪ S 2 be two disjoint sets belonging to A. The sets F 1 and F 2 are disjoint. To see this, notice that Therefore, π is a finitely additive probability defined on (Ω, A). By construction, it satisfies π(S) = 0 for every S ∈ I ∩ Σ.
Consider the set of extensions E( π, A, Σ) and let P be one of its extreme points. We prove that P is an extreme point of E(π, F, Σ). Write P as P = αQ + (1 − α)R with Q, R ∈ E(π, F, Σ). Let π Q and π R be the restriction of Q and R on A. Since P is an extension of π, we have π = α π Q + (1 − α) π R . We claim that π = π Q = π R . For every S ∈ I ∩ Σ, since π(S) = 0, then π Q (S) = π R (S) = 0. Therefore,
for every event (F ∩ L) ∪ S ∈ A. The same is true for π R . Therefore, π Q = π R = π. This proves that Q, R ∈ E( π, A, Σ). Because P is an extreme point of E( π, A, Σ), then P = Q = R. This concludes the proof that P is an extreme point of E(π, F, Σ). By Theorem 8, P satisfies the Blackwell-Dubins property.
It remains to prove that P is strongly nonatomic. Since π(ω t ) → 0 for every ω, π is strongly continuous. A fortiori, P is strongly continuous and also strongly nonatomic by Theorem 13.
Proof of Theorem 5. Define the function V : P × ∆ f ∆ * → R as V (P, ζ) = ζ({Q ∈ ∆ * : ω / ∈ T (Q)}) dP (ω) for all (P, ζ) ∈ P×∆ f ∆ * . Given P ∈ P, by Theorem 14 there exists an opinion Q such that P (U ) ≤ Q(U ) for every open set U . By Theorem 4 in Regazzini (1985) , we can find a conditional opinion Q * ∈ ∆ * such that Q = Q * (·|Ω). Then P (T (Q * )) ≤ Q(T (Q * )) = Q * (T (Q * )) ≤ ε. The proof is complete by replicating the argument used in the proof of Theorem 2.
Proof of Theorem 6. We first prove that for every P ∈ ∆ * BD and every path ω, lim t P (ω t ) = 0. We argue by contradiction. Let ω o be a path such that inf t P (ω t o ) = δ > 0. Fix a sequence of positive real numbers (ξ t ) such that P (ω t o ) = δ + ξ t for every t.
Fix ε ∈ (0, 1 2 ). Because P is strongly nonatomic, for every time t we can find an event F t ⊆ ω t 0 such that P (F t ) = 1 2 P (ω t 0 ). For every n, we have
(1/2)(δ + ξ t ) − (ξ t − ξ t+n ) δ + ξ t+n = 1 2 δ + ξ t δ + ξ t+n − ξ t − ξ t+n δ + ξ t+n .
We can therefore fixt large enough such that F = Ft satisfies P (F |ω t 0 ) ∈ ( 1 2 − ε, 1 2 + ε) for every t >t. Let Q be the opinion defined as Q(E) = P (E ∩ F ) P (F ) for every event E. Then Q ≪ P (·|Ω). By Theorem 4 in Regazzini (1985) , we can find a conditional opinion Q satisfying Q(·|Ω) = Q. The proof of the claim will be concluded by showing that P does not merge with Q. Note that for every t >t
P (ω t 0 ) (1/2)P (ωt 0 ) = P (F |ω Moreover, for every t >t, Q ω : sup E |Q(E|ω t ) − P (E|ω t )| > 1 2 − ε > Q ω : P (F |ω t ) < 1 2 + ε ≥ Q(ω t 0 ), where the first equality follows from Q(F |ω t 0 ) = 1 and the second equality follows from P (F |ω t 0 ) < 1 2 + ε. Because the sequence ( Q(ωt 0 ), Q(ωt +1 0 ), . . .) is bounded away from 0, P does not merge to Q. Therefore, we can conclude that for every P ∈ ∆ * BD and every path ω, lim t P (ω t ) = 0. Now fix a path ω and ε > 0. We can find for every P ∈ ∆ * BD a time t P such that P (ω t P ) < ε. Because X is endowed with the discrete topology, ω t P is an open set. Let T (P ) = ω t P for every P ∈ ∆ * BD . The test ∆ * BD -controls for type I error with probability 1 − ε. The same argument in the proof of Theorem 3 shows that T is nonmanipulable.
